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BOUNDARY PROBLEMS AND GREEN'S FUNCTIONS FOR LINEAR 
DIFFERENTIAL AND DIFFERENCE EQUATIONS. 

By Maxime BdcHER. 

In Part I of the present paper I have estabhshed some simple results 
of a general character concerning linear boundary problems in one dimen- 
sion. These results were established by Mason* for the equation of the 
second order by a method which admits of easy generalization. The proof 
here given of the main result (Theorem 3) is, however, of an even more 
elementary character than that given by Mason. 

Part II is devoted to Green's Functions in one dimension. This con- 
ceptien was introduced by Burkhardtf for the special differential equation 
y" = (Laplace's Equation in one dimension), and extended by the present 
writer to the general linear differential equation of the nth order.| No 
proofs were given in this paper since it was thought, apparently erroneously, 
that the methods used would be sufficiently obvious. Subsequent writers, 
notably Westfall,§ established some of these results together with some 
similar ones for certain other boundary conditions, but, owing to their 
failure to appreciate the statement clearly made in my note just referred 
to that the Green's function will in general satisfy different boundary con- 
ditions when regarded as a function of one of its arguments from those which 
it satisfies when regarded as a function of the other, they failed to consider 
the general case. This general case, which includes as a special case the 
boundary conditions of my note, was first explicitly considered, though 
without proofs, by BirkhofT.Jl Still more recently an exhaustive treatment 
of the subject for systems of linear differential equations of the first order 
has been given by Bounitzky,** who also applies his results at length to the 
equation of the nth order. In this paper the eariier Uterature is fully cited 
with the exception of Birkhoff's paper, which really contains the whole 
theory in brief so far as the single equation of the nth order goes. In 
Part II of the present paper I publish for the first time, along with a small 

* Trans. Amer. Math. Soc, vol. 7 (1906), p. 339. 
t Bull, de la Soc. Math, de France, vol. 22 (1894), p. 71. 
X Bull. Amer. Math. Soc, second series, vol. 7 (1901), p. 297. 
§ Dissertation, Gottingen (1905). 
II Trans. Amer. Math. Soc, vol. 9 (1908), p. 377. 
** Liouville's Journal, 6th series, vol. 5 (1909), p. 65. 
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amount of additional matter, the method of treatment I had in mind ten 
years ago, modified only to the slight extent necessary to make it apply to 
the general Unear boundary conditions. 

Finally in Part III it is shown briefly how the results of Parts I and II 
can be carried over to the case of linear difference equations. The details 
are, in the main, fairly obvious, and are therefore to a considerable extent 
suppressed. 

I. Boundary Problems for Ordinary Linear Differential Equations. 
1. Let us consider the differential equation 
d"u d"-^u 

(1) '^-n + Pr^^+---+PnU^P, 

where the p's are continuous but not necessarily real functions of the real 
variable x when a^x = b, together with certain boundary conditions which 
we will indicate as follows: 

If ^c is a function of x which at the points a and b has derivatives of the 
first n — 1 orders, we write 

AM = aMa) + a',<p'{a) + ■■■ + «r'V^"-'^(a), 

(2) (i = 1, 2, • • -n) 

BM ^ 0Mb) + fiWih) + ■■■+ /3f;-'V^"-'H&), 

where the a's and /S's are given constants. If now we let 

(3) WM ^ AM + BU), 

we may write our boundary conditions as follows, the y's being given con- 
stants : 

(4) TF,(w)=7< (i= 1, 2, •••n). 

The problem of determining all solutions of (1) which satisfy conditions 

(4) we speak of for brevity as the problem (1), (4) ; and this problem we call 
homogeneous only when p s and all the constants -a vanish. Two cases 
of some importance may be designated as sem-Ziomog'eneoMs problems, namely 
that in which psO but at least one 7, is not zero, and also that in which 
all the Ti's vanish but p is not identically zero. 

The homogeneous equation 

(5) d^» + ?'^5^>+--- + P"" = o 

is called the reduced equation when considered in connection with the non- 
homogeneous equation (1), and the homogeneous boundary conditions 

(6) Wi{u) = {i = \,2, ■■■n) 
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we will call the reduced boundary conditions when we consider them in 
connection with (4). The homogeneous system (5), (6) we may similarly 
speak of as the reduced system. 

Definition. The homogeneous system (5), (6) is said to be incompatible 
if (5) has no solution except zero which satisfies (6). It is said to have k-fold 
compatibility if (5) has k and only k linearly independent solutions which 
satisfy (6). 

If (5), (6) has fc-fold compatibiUty and if r/i, • •• y* are linearly inde- 
pendent solutions of (5), (6), it is clear that the general solution is 

ciyi + C22/2 + • • • + Cij/t 

where Ci, ■ ■ -Ck are arbitrary constants. 

Theorem 1. If yi, • • •?/„ is a fundamental system of (5), a necessary and 
sufficient condition that the system (5), (6) be compatible is that the determinant 



D = 



TFi(2/i) • • • TFi(2/n) 



I TF„(2/i) • • • Tr„(2/„) 



vanish* A necessary arid sufficient condition that (5), (6) have k-fold com- 
patibility is that D be of rank n — k. 

For if we substitute the general solution of (5) 

u = ciyi + • • • + c„2/n 

into (6), we obtain a system of homogeneous linear equations for determin- 
ing the c's whose determinant is D. 

We shall naturally call the conditions (6) linearly dependent when and 
only when the n sets of 2n constants each 

a„ a„ ■■■ «[»-'!, 0„ ^;, • • ■ /3i"-'J (i = 1, 2, • • • n) 

are linearly dependent. If this is the case, some of the conditions (6) are 
consequences of the rest, and the system (6) is equivalent to a system of the 
same form containing less than n equations. Conversely, a system of the 
form (6) but containing less than n equations is obviously equivalent to a 
linearly dependent system containing n equations. On the other hand, if 
the system (6) is linearly dependent, D = 0. Hence 

Theorem 2. There always exists a solution of (5) not identically zero 
which satisfies fewer than n conditions of the form (6). 

* Cf . Birkhoff, loc. cit. 
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On the other hand, we readilj^ see from Theorem 1 that if the condi- 
tions (6) are Unearly independent, the system (5), (6) is in general incom- 
patible, since in the space of 2n- dimensions determined bj^ the coordinates 
tti, • • • ai"~'\ fii, ■ • ■ M""'' the equation Z) = determines an algebraic mani- 
fold of only 2n^ — 1 dimensions.* 

Theorem 3. A necessary and sufficient condition that the system (1), 
(4) have one and only one solution is that the reduced system (5), (6) be in- 
co7npatible. 

A considerable part of this theorem follows at once from the obvious 
fact that if (1), (4) admits of a solution at all, its general solution may be 
obtained by adding to any particular solution of (1), (4) the general solution 
of the reduced system (5), (6). If then (5), (6) is compatible, (1), (4) has 
either no solution or an infinite number of solutions; while if (5), (6) is 
incompatible (1), (4) cannot have more than one solution. To prove our 
theorem completely, we need, then, merely to show that if (5), (6) is 
incompatible, (1), (4) admits a solution. 

To prove this we begin with the semi-homogeneous case p = 0. We 
see then from Theorem 2 that there exist n solutions yi, • • -^/n of (1), no 
one of which vanishes identicallj^ and such that j/i satisfies all of the reduced 
conditions (6) except the ith. Since the system (5), (6) is to be incompatible, 
none of the constants Wiiyt) are zero. Consequently the function 

W,{yO + • ■ • + Tf „(2/„) 

is a solution of (1) which satisfies all the conditions (4). 

Turning now to the general case, let us denote bj' u any particular solu- 
tion of (1), and by y the solution of (5) which satisfies the conditions 

W,(y) =y.-W,iu) (i= 1,2, •••n). 

The existence of this function y is established by the part of the theorem 
we have just proved. The function u + y is now clearly a solution of (1), 
(4). Thus our theorem is proved. 

II. Green's Functions. 

2. Definition and Condition for Existence.^ We may arrive at the 
conception of the Green's Function for the sj^stem (5), (6) by attempting, 
in case the system is incompatible, to find a function not indenticallj^ zero 



* To clinch this argument it is necessar}' to know that D does not vanish identically, i. e., for all 
possible conditions (6). This can be showii by exhibiting any particular system (6) for which 
Z) + 0; and such a system is that in which o, = o;' = o," = .. . = o„'"-'J = 1 while all the other a's 
and all the /3's are zero. 
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which comes as near as possible to being a solution of the system, the only 
failure lying in a discontinuity in its (n — l)th derivative at a single point f. 
Since it is only when such a function exists for every value of | between 
a and b that it proves to be of any importance, we lay down the definition 
as follows: 

Definition. By a Green's Function G(x, J) of the system (5), (6), 
where we assume the conditions (6) to be linearly independent, we understand 
a function of (x, ^) defined when a = x = b, a < ^ < b, and which for every 
such value of ^ when regarded as a function of x alone has the following 
properties : 

1) Throughout the interval a = x = b it is continuous and has continuous 
derivatives of the first n — 2 orders. 

2) At every point of the interval a = x = b except x = ^ it satisfies (5). 

3) It fulfills the boundary conditions (6) . 

4) At i it has a forward derivative of order n — 1, D+, and a backward 
derivative of order n — 1, D_; and 

D^ - D_ = 1. 

It will be noticed that in this definition we do not demand that the 
system (5), (6) be incompatible; and even if it is incompatible we do not 
as yet know that a Green's function will exist, or, if it does exist, whether 
it will be uniquely determined. We proceed to investigate these questions. 

Let 2/1, • • -ynhe & fundamental system of (5), and form with undeter- 
mined coefficients the two solutions 

Ui{x) = Ciyi(x) + • • • + c„2/„(x), 

Uiix) = diyiix) + • • • + d„y„(x). 

The most general function which satisfies 2) of our definition is 

Mi(x) a = X = J 



(7) G{x,0 = , ,,,<=<=. 

U-i{X) I S X s 6 

In order that conditions 1) and 4) of our definition be satisfied by 
this function, it is necessary and sufficient that the c's and d's satisfy the 
following equations : 

diym)+ ■ ■ ■ +d„yi:KO-ciy['K^) c„?/J.''(l) =0 

(8) {i = 0,l,---n- 2) 

diy["-'K^)+ ■ ■ ■+dny\rM^)-c,yr'KO c„2/L"-"© = l- 

This may be regarded as a system of linear equations for determining 
the n difTerences d,- — d. The determinant of these equations, being the 
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Wronskian of the y's, is not zero since the y's are linearlj- independent. The 
equations (8) have therefore one and only one solution which we will 
denote bj' Zi, ■ • -Zn- These quantities, like the c's and d's, are of course 
functions of f, and we write explicitly 

(9) di(0 - c,(0 = 2i(«)- 

These functions Zi may be immediatelj^ written out each as the 
ratio of two determinants bj' Cramer's Rule. They are precisely the func- 
tions defined by Frobenius* as the functions adjoint to yi, ■ • ■ y„. It is 
evident that these functions are continuous throughout the interval 
a = ^ = b. Apart from this fact we need for the moment only one property 
of Zi, ■ ■ -Zn, namely that they are linearly independent.! 

In order that the function G in (7) satisfy condition 3) of our definition, 
it is necessary and sufficient that the c's and d's satisfy the following equa- 
tions : 

(10) CiAi(yi) + h CnAi{y„) + d,Bi{yi) + h d„B<(i/„) = 

(i- 1,2, ■■■n), 

or, after the c's have been replaced by their values from (9) 

(11) diTF,(i/i) + • • • + dnTT^-(yn) = ZiAi{y^) +•••-!- z„Ai(2/,) 

(i= 1,2, •••n). 

This is a system of linear equations for determining the d's concerning 
which we will establish the following 

Lemma. A necessary and sufficient condition that equations (11) be 
consistent for all values of | sv^h that a < ^ < b is that their determinant D 
do not vanish. 

That this is a sufficient condition is obvious from Cramer's Rule. To 
prove it necessary we suppose D = 0, and have to show that equations 

(11) are inconsistent. From the vanishing of D we infer that there exist 
n constants fci, • • • k„, not all zero, such that 

(12) hWriy,) + ■■■ + kJVr^iyd =0 (i = 1, 2, • • -n). 

By multiplying equations (11) respectively by ki, ■ ■ •/<;„ and adding, we 
could, if these equations were consistent, infer that 

• Crelle, vol. 77 (1874), p. 250. 

t The simple proof of this fact which consists in noticing that the Wronskian of the z's 
pannot vanish since the product of this Wronskian by the Wronskian of the i/s is 1, is not avail- 
able for us unless we make sufficient assumptions concerning the coefficients of (-5) to secure the 
existence of the first n — 1 derivatives of the z's. Cf., however, an article by the author: Bull. 
Amer. Math. Soc, 2d Ser., vol. 8 (1901), p. 53. See particularly Theorem 14, p. 61. 
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= zii: k,Aj(y,) + ... +2^± kjAjiyJ. 

Since this is an identity in {, and the z's are Unearly independent, it follows 
that 

(13) kiAiiy,) + ■■■ + kjLr^iyd =0 {i= 1,2, ■■■n). 

Subtracting these equations from (12), we find 

(14) kiBiiy,) + ■■■ + k,.B„iy,) =0 (i = 1, 2, ■ ■ -n). 
If we use formula (2) for the A's and B's, (13) and (14) take the form 

(15) {k,a,+ • • • +A;„aJj/,(a) + • • ■ + (kA"-''+ ■ ■ ■ +A;„ai'-")2/r'Ka) =0 

(16) {k,fi,+ • . . +kJJyM + -■■ + {k,0[-'^+ . . . +kj\:-'^)yY-'\b) = 

{i = 1, 2, • • -n). 

We may regard (15) as a sytem of linear equations for determining the 
n quantities which occur in it in parentheses. The determinant of this sys- 
tem is the Wronskian of yi, • • -y™ taken at the point x = a, which, since 
the y's are linearly independent, is not zero. Consequently 

(17) kA'' + •■■+ kA'' = (j = 0, 1, • • •» - 1). 
Similarly we infer from (16) that 

(18) kA'' + ■■■ + kJlf' = (j = 0, 1, • • -n - 1). 

These relations (17), (18) mean, however, that the conditions (6) are 
Unearly dependent, a possibility, we have explicitly ruled out in the hy- 
pothesis of our definition of a Green's Function. One lemma is thus proved, 
since the assumption that it is false has led to a contradiction. 

If we now notice that the D in our lemma is the same as the D in The- 
orem 1, we have the result : 

Theorem 4. A necessary and sufficient condition for the existence of a 
Green's Function of the system (5), (6), where the boundary conditions (6) 
are assumed to be linearly independent, is that the system be incompatible. 

Since, moreover, if this condition is fulfilled, the determinant D of 
equations (11) is not zero, only one determination of the d's, and therefore 
by (9) of the c's, is possible. Hence 

Corollary. // the system (5), (6) is incompatible, it has only one 
Green's Function. 

The Green's Function has been defined so far only when | is equal neither 
to a nor to b. We now lay down the further 
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Definition. The formula (7) which gives the Green's Function when 
a < i < b shall serve to define it when | = a and when | = 6. 

Since the c's and d's obtained from (11) and (9) are clearly continuous 
functions of ^ when a = | = 6, and y\, • ■ -yn are continuous together with 
their first n — 2 derivatives when a = .r = 6, it follows from (7) that G{x, |) 
and its first n — 2 derivatives with regard to x are continuous in each of 
the triangles o = a: = | = 6 and a = ^ = x = b. Moreover none of these 
functions has any discontinuity on the line x = {. Hence 

Theorem 5. // the Green's Function of the system (5), (6) exists, it is 
a continuous function of (x, ^) w}ien a = x^ b, a = ^^b, and the same is true 
of its first n — 2 derivatives with regard to x. 

3. The Fundamental Application of Green's Functions. — The general solu- 
tion of the problem (1), (4) is clearly the sum of the general solutions 
of the semi-homogeneous problems (1), (6) and (5), (4). We have had 
occasion to consider the latter problem incidental^ in §1. If the reduced 
sj'stem (5), (6) is incompatible, the former problem has, as we know, one 
and only one solution. We wish to prove in this section that this solution 
is given by the formula 

(19) u{x) = J G{x, Dvmi, 

where G is the Green's Function of (0), (6). Referring to formula (7), we 
see that we can write 

u{x) = j^ [di{i)yi{x) + hdn(l)j/n(x)]p(i)d? 

- I Wi)yi{x) + • • • + c„(?)2/„(x)]p(|)d^ 
If we differentiate and simplify by means of (8), we find: 
u^'\x) = f^ {d,{i)y'-:Kx) + • • • + dSi)y\;\x)\p{i)d^ 

- £ hiM'Kx) +■■■+ cJM:Kx)]piOd^ (t = 1, • ■ -n - 1), 

u'-Kx) = f [d,i^)y^CKx) + • • • + d„{Oy':Kx)]pm^ 

- £{cli)y^\x) + • • • -F c„(^)2/W(x)]p(?)d? + p(x). 

Substituting these values of u and its derivatives in (1), and remembering 
that the i/'s are solutions of (5), we see that the function u determined by 
(19) satisfies (1). We also find from the values of u and its derivatives 
just obtained that 
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Ai{u) = £ [ci(S)A,(2/i) + • • ■ + cJi)A,{y^)]p{^)d^ 

' {i = l,2, ■■■n). 

B,{u) = £ Wi)B,{y^) + • • • + dn(^)5.(2/n)]p(0rf? 

A reference to (10) shows that the sum of these two quantities is zero. 
Thus w^e have proved 

Theorem 6. // the system (5), (6) has a Green's Function G{x, ^), the 
solution of the semi-homogeneous problem (1), (6) is given by (19), and the 
first n — 1 derivatives of u may be obtained by differentiating (19) under the 
integral sign. 

In the special case in which «[ = a^' = ' " ■ = «L"~'^ = 1> while all the 
other as and all the I3's are zero, formula (19) gives the principal solution of 
(1) at the point o, that is the solution which with its first n — 1 derivatives 
vanishes at a. In this case the c's are all zero by (10), and hence, by (9), 
the d's are the functions adjoint to the y's. Hence formula (19) reduces to 
the standard formula (Schlesinger's Handbuch, vol. 1, p. 78, (6)), obtain- 
able by the method of variation of constants or otherwise, for this principal 
solution. 

4. Further Properties of Green's Functions. — The facts to which we now 
come are less fundamental than those we have so far considered but they 
are commonly given great prominence in the development of the theory, 
and they are in themselves not without interest. In order to obtain 
them we must impose additional restrictions on the coefficients of (5) . 

We assume that Piix) has continuous derivatives of the first n — i orders. 

This is sufficient to insure the existence and continuity of the first n 
derivatives of the adjoint functions Zi{i), ■ • •3n(?), and to cause them to 
satisfy the adjoint difTerential equation:* 

(20) (-1) ^y„+(-l) -^pr-+ -^+\p„z = Q. 

From (11) and (9) we see that the c's and d's are linear homogeneous 
combinations with constant coefficients of the z's. Consequently the 
c's and d's are also solutions of (20). Turning to (7), we see then that when 
X is constant, G also satisfies (20) for all values of ^ in the interval a = ? = 6 



* This may be seen as follows: 

Even with the mere assumption of continuity on the functions pt, it is known (cf . Bull. Amer. 
Math. Soc, 2d Ser., vol. 8 (1901), p. 63) that the multipliers (integrating factors) of (5) constitute 
a Unear family of which zi, . . .Zn forms a basis. With the additional restrictions concerning the 
derivatives of the p's, it is known from Lagrange's Identity that all solutions of (20) are multi- 
pliers of (5). These solutions form a linear family involving n linearly independent functions. 
Consequently the solutions of (20) are identical with the linear family CiZi+ . . . +c„Zn. 
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except i — X, and that even at this point it satisfies (20) if we agree to con- 
sider only forward or only backward derivatives. 

In order to compare these forward and backward derivatives, that is 
the derivatives with regard to f of «i and Ui at the point f = x, we turn to 
equations (8). Differentiate each of these equations with regard to J, 
remembering that the c's and d's are themselves functions of f, and sub- 
tract from each equation thus obtained the next following equation (8). 
We thus get the system of n — 1 equations : 

d\ym) + • • • + d:y':Ki) - c[yYKi) c:y\:\i) = 

(80 (i = 0, 1, •••n-3), 

d[yr'Ki)+- ■ ■ +<yfr^Kf) -clyr^H?) C^y^r'Ki) = -1. 

If here we differentiate each equation and subtract from it the next 
following equation (8'), we get a system of n — 2 equations (8"), etc. 
Finally we collect together the ^rs< equations of the sets (8), (8'), (8")> • • •, 
and thus obtain a new system 

dm)yi{i) + • • • + d\:\i)ySi) - cS'Kf)2/i(l) c^\k)yS^) = o 

(i = 0, 1, • • • n - 2), 

^^^^ d5"-"(i)j/i(?) + • • • + d^:-'\i)yM 

- cr'^(l)y,(?) c^r'\%)yXi) = (-1)"-'. 

These equations show us that the first n — 2 forward derivatives of G 
with regard to | at the point % = x have the same values respectively as 
the corresponding backward derivatives; while if we denote by A+ and A_ 
the (n — l)th forward and backw^ard derivatives respectively at ? = -x, 

A+ - A_ = (- 1)". 

We thus see that, except for the boundary conditions, G when regarded 
as a function of {, x being a paramete'r satisfies precisely the conditions for 
the Green's function of equation (20), or if n is odd, for the negative of this 
Green's function. Let us then see whether we can find a system of bound- 
ary conditions of the form (6) satisfied by Q for each (constant) value of x. 
The important point here is that the coefficients a, i8 must be independent of 
of X. 

Let us write 

A(^) = a^(a) -!-•••+ at— ^^"-'^(0), 

B(^) = /S^(6) + • • . -1- ^t'-Vf"-'K&), 
Tf (^) = AW) + B(^), 
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where the a's and fi's are undetermined constants. We wish to determine 
these constants in the most general way possible so that G(x, j) regarded as 
a function of ^ shall satisfy the relation W{G) = 0. From (7) we have 
(x being regarded as a constant in ui, Ui as well as in G) : 

W{G)=A{u,)+B{u,)=y,{x)[A{d,)+B{c,)]+- ■ ■ +2/n(x)[A(d„) +5(c„)]. 

Consequently PF(G) vanishes for all values of x when and only when 
all the coefficients of 2/1, • • -yn in this expression are zero; that is when and 
only when the a's and /3's satisfy the following equations: 

(22) ad,{a) + • • • + a^'-'H^r'Ka) + fic,{b) + • • • + 0^'^-'kr'\h) = 

(i = 1,2, -..n). 

Lemma. The equations (22) are linearly independent. 
Suppose this were not the case. Then there would exist n constants 
ki, ■ • -kn not all zero and such that 

MFKa) + Kd\^\a) + • • • + k^d\i\a) = 

(i = 0, 1, ••• n- 1). 

Consequently the functions 

kxdxii) + • • • + kndnii), 
kiCiii) + • • • + kMi) 

vanish, together with their first n — 1 derivatives, at the points a and b 
respectively; so that, being solutions of (20), they vanish identically. Ac- 
cordingly their difference, which by (9) is 

kMi) + • • • + knZni^), 

vanishes identically. But this is impossible since, as we noted in §2, 
Zi, • • • Zn are linearly independent. 

The equations (22), being thus linearly independent, have n linearly 
independent solutions, which we denote by 

a„ a\, ■ ■ ■ a^r'\ K W„ ■ ■ ■ W-"'^ (t = 1, 2, • • • n), 

upon which all other solutions are linearly dependent. 

Definition. The linearly independent boundary conditions 

(23) aiu(a)+- ■ ■ +5^"-'W''-'Ko)+3<tt(fe)-|- • • • +Wr'^u^''~'Kb)=0 

(i = 1, 2, • ■ • n), 

together with the equation (20) form a homogeneous system which we call the 



82 MAXiME b6chee. 

system adjoint to the system (5), (6). Informing this system it is assumed 
that the system (5), (6) is incompatible* 

The facts proved in this section may now be summed up in the following 
theorem: 

Theokem 7. // t}ie system (5), (6) has a Green's function G{x, ^), then 
(— l)"Cr(a;, ?) is the Green's function of the adjoint system (20), (23). f 

From this it follows that the system (20), (23) is also incompatible 
since it is only incompatible systems which have a Green's function. 
Moreover the system adjoint to (20), (23) has, by Theorem 7, G{x, i) as 
its Green's function. The differential equation of this system is (5), 
since any homogeneous linear differential equation is the adjoint of its 
adjoint. Moreover the boundary conditions of the system adjoint to 
(20) , (23) are easily seen to be conditions (6) , since in the proof of Theorem 7 
it was shown that there is essentially only one system of boundary conditions 
in the parameter which a Green's function satisfies. Hence 

Theorem 8. // the system (5), (6) is incompatible, its adjoint is also 
incompatible, and the adjoint of this last named system is the original system 
(5), (6). 

The theory of Green's functions can be put into a more elegant form by 
considering, with Hilbert, not the differential equation (5) but the differ- 
ential expression 

d''u d''~^u 
(23) L{u) = a„^ + a, ^^t + ; • • + a,u, 

where the a's are functions of x continuous throughout the interval a = x = 6, 
o, has continuous derivatives of the first n — i orders, and Co does not vanish 
at any point of this interval. 

Definition. By the Green's function of the system consisting of the 
expression (23) and the conditions (6) is understood the quxttient of the Green's 
function of the system consisting of the equation L{u) =0 and the conditions 
(6) by ao(|). 

The properties of Green's functions in this sense follow at once from the 
results already obtained. For instance, if we denote the Green's function 
in the new sense by G{x, J), it is still true that the solution of the non-homo- 
geneous equation 

L{u) = p 

* The term adjoint in this sense and the conception with this degree of generality was first 
used by Birkhoff, loc. cit. Indeed he defines the conception in a more general case since he does 
not restrict the system (5), (6) to be incompatible. Cf. also Bounitzki, loc. cit. In a special case 
the conception occurs in a paper of Liouville (Liouville's Journal, vol. 3 (1S38), p. 561). That this 
conception plays an important part in the theory of Green's functions was clearly indicated by 
the present writer in 1901 (cf. loc. cit.). 

t The factor ( — 1)" was omitted by an oversight in my paper of 1901. 
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which satisfies the homogeneous conditions (6) is, provided G exists, given 
by formula (19). 

Again, the system adjoint to (23), (6) consists of the expression adjoint 
to Liu) and of the boundary conditions which Gix, f) satisfies when re- 
garded as a function of ^ These boundary conditions, however, are not 
the same as those satisfied by the Green's function of the equation L{u) =0 
together with (6). With this understanding we may say that the Green's 
function of (23), (6) is, when regarded as a function of J, precisely the 
Green's function of the adjoint system. It seems hardly necessary to 
multiply illustrations or to go into proofs here. 

We close by noting that the Green's function of the expresssion (23) 
together with the conditions (6) is a covariant both with regard to change of inde- 
pendent and of dependent variable of the system consisting of the equation 
L{u) =0 together with the conditions (6) . That is, if a change of independent 
variable 

i=/(x), T =/(?), 

where /(a;) has continuous derivatives of the first n orders, and/'(x) does 
not vanish in the interval a = x = 5, is made both in (23) and in (6), 
the Green's function of the transformed system is equal to the Green's 
function of the original system multiplied by a power (the (— l)th) of 
/'(?); and on the other hand a change of independent variable 

U = lA-r;, 

where ^ is a given non- vanishing function of x which in the interval a = x = b 
is continuous and has continuous derivatives of the first n orders, carries 
over the system (23), (6) into a system whose Green's function is equal to 
the product of the original Green's function by a power (the ( — l)th) of 
^(x) And finally, if the expression (23) is multiplied by a non-vanishing 
function ip{x) , which together with its first n derivatives is continuous in 
the interval a = x = 6, the Green's function of the new system is equal to 
the original Green's function multiplied by a power (the (— l)th) of ip{^). 
The truth of these statements follows readily from the definition of 
Green's functions. As in § 2, we need not demand the existence of deriva- 
tives of the coefficients a^. 

III. The Linear Difference Equation. 
S. Linear Boundary Problems. — We consider here the difference equation 

(24) po{x)u(x + n) + pi(x)u{x -|- n — 1) -|- • • • -|- p„(x)tt(x) = p(x) 

(x = rt, a -|- 1, • • -b—n), 
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where a and b, and consequently x, may without loss of generality be 
regarded as integers. We wUl assume that po {x) and p„(x) do not vanish 
for any value of x from a to b—n inclusive; and that b — a^n. 

Along with (24) we consider certain boundary conditions which we 
denote as follows: 

If ifiz) is a function of the integer x defined when a = ;r = J), we write 

AM = <xl:2Ma + n - 1) + a%<p{a + n - 2) + ■ ■ • + 4'V(o) 
(25) 

B,{^) = ^f'2,^(6 - n + 1) + fiUlMb -n + 2)+ ■■■ + 0[Mb) 

(i = 1, 2, • • -n), 
where the a's and /3's are constants, i. e., independent of x. If, now, we let 

(26) Wi{<p) = Ai(<p) + Bi{.^), 

we may write our boundary conditions as follows, the 7's being constants : 

(27) W,{u) = T, (i = 1, 2, • • •«) 

The system (24), (27) is in general non-homogeneous, and we distin- 
guish between semi-homogeneous and homogeneous systems precisely 
as in the analogous case of §1. The reduced system is 

(28) po(,x)u{x + n) + pi(x)uix + n — I) + ■ ■ ■ + p„(x)tt(x) = 

(x = a, a + 1, ■ ■ -b—n), 

(29) Wi{u) = (i = 1, 2, • • -n). 

We define compatibility, fc-fold compatibility, for the homogeneous sys- 
tem (28), (29) precisely as in §1, and we see at once that Theorems 1, 2 
hold here also if (5), (6) be replaced by (28), (29). We also see, as in §1, 
that if the conditions (29) are linearly independent, the system (28), (29) 
is in general incompatible, the special conditions (29) which show that the 
determinant D does not always vanish being 

'u(a) = u{a -1- 1) = • • • = u{a + n — l) = 0. 

Finally the fundamental theorem here is 

Theorem 9. A necessary and sufficient condition that the system (24), 
(27) have one and only one solution is that the reduced system (28), (29) be 
incompatible. 

The proof of this theorem is identical with the proof of Theorem 3 in §1. 

6. Green's Functions for Linear Difference Equations. — -Here too the con- 
ception of a Green's Function may be regarded as having its rise in the 
attempt to form a function not identically zero which comes as near as 
possible to satisfjdng the system (28), (29) when this system is incompatible. 
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Definition. By a Green's function G{x, $) of the system consisting of 
the expression in (28), and conditions (29), where we assume that the conditions 
(29) are linearly independent, we understand a function of the integral argu- 
ments (x, defined when a = x = 6, a = ^ = 6 — n, and such that when f is 
fixed, G regarded as a function of x satisfies the boundary conditions (29) ; 
and, except for the one value x = ^, the equation (28) ; and is such that when 
substituted in the first member of (28), this first member takes the value 1 when 
X = ?. 

In order to see under what circumstances such a function exists, we 
consider a system yi, •••!/« of Unearly independent solutions of (28), and 
form from them with undetermined coefficients the further solutions 

ui{x) = Ci2/i(x) + • • • + Cn2/„(x), 
(30) 

Ui{x) = di2/i(x) + • • • + dnyn{x), 

where the c's and d's are ultimately to be functions of ^; a fact which will 
be indicated when necessary. 

The most general function which satisfies (28) except when x has one of 
the values |, ?— 1, •••$ — n + 1 lying in the interval a = x = b — n is then 

fMi(x) X = a, a + 1, • • -I, 

(31) u{x) = 

l«2(x) X = $ + 1,^ + 2, •••{). 

In order that «(x) satisfy (28) also at such of the points x = $ — 1, 
• • • ^ — n + 1 as satisfy the inequality a = x it is evidently necessary* and 
sufficient that 

(32) M2(x) = -M,(x) X = $ + 1, $ + 2, • • • I + n - 1. 

In order that the condition demanded in the last clause of our definition 
be fulfilled it is then necessary and sufficient that 

(33) Po(?)[w-2(s' + n) - «i($ + n)] = 1. 

Substituting in (32), (33) the value of Mi and uo from (30), and setting 

(34) s.(s) = pomdm - cm> 

we find as an equivalent form for conditions (32), (33) 

zii^)yi(^ + i) + •■■ + 2n(?)yn(? + i) = a = 1, 2, • • -n-l) 
(35) 

zi(0l/i(? + n)+ ■■■ + zJi)yJi + n) = 1. 



• Strictly speaking this is necessary only when a'^S — n+l, so that all the points in question 
lie in the interval ab. If some of the points 1 — 1, . . .?— n+1 lie outside of the interval ab, some 
of the conditions (32) need not be imposed. They may, however, in this case be imposed withotit 
at all affecting the function u(x). 
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This is a sj^stem of linear equations for determining the z's, whose 
determinant, since the y's are linearly independent solutions of (28), is 
not zero. The functions z are therefore uniquely determined and are called 
the functions adjoint to j/i, • • • y„. It shoiild be noticed that whereas the 
y's are defined when a = x = b, the z's are defined only when a S | S 5 

Lemma. The functions Ziii), ■ • ■ Zn{i) are linearly independent. 

If they were not, the determinant 



n. 



A = 



21^) 



• Zn{^) 



2i(^ - n + 1) • • • Zn{^ - n + 1) 



would necessarily vanish for all values of ^ from a to 6 — n inclusive. This 
is impossible since, when we form the product of A by the determinant 

yiii + 1) • • ■ J/n(S + 1) 



2/i(? + n) ■ ■ ■ y„{k + n) 

by combining rows with rows, we get, as we see from (35), a determinant 
which has zeros everywhere above the secondary diagonal and ones at every 
point in this diagonal, and which is therefore not zero. This proves our 
lemma. 

Returning now to the function u{x) defined by (31), let us see whether 
we can make it satisfy the boundary conditions (29). For this purpose it is 
necessary and sufficient that the quantities c, d satisfy the relations 



(36) cuii{yi) + • • • + c„A,(2/„) + di5,(t/i) + 



+ d„fii(2/„) = 
{i = 1, 2, 



(37) 



Substituting here for the c's their values from (34), we find 
p,{mi{^)W.{y^) + • • • + dn{i)W,{y,)] 

= zMAi{y{) + • • • + Zn(^)Ai(2/„) (r - 1, 2, 



■n). 



•n). 



Lemma. A necessary and sufficient condition that equations (37) be 
consistent for all values of ^ for which a = ^ = b — nis that the determinant D 
of Theorem 1 do not vanish. 

The proof of this lemma follows so closely the proof of the lemma pre- 
ceding Theorem 4 that it is unnecessary to repeat it. 
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We now obtain at once 

Theorem 10. A necessary and sufficient condition for the existence of a 
Green's function of the system, consisting of the expression in (28) together 
with conditions (29), where (29) are assumed to be linearly independent, is 
that the system (28), (29) be incompatible. 

Corollary. If the system (28), (29) is incompatible, there exists only 
one Green's function. 

7. An Application of Green's Function. — If the Green's function G used 
in §6 exists, we know that the semi-homogeneous system (24), (29) has 
one and only one solution. We wish to prove in this section that this 
solution is given by the formula 

(38) u(x)=^ZG(x,^)p(^). 

The function u determined by (38) may be written 

(x) = g [di(«)2/i(x) + • • • + d„(?)2/,(x)]p(f) 



u 
(39) *=° 



b—n 

+ r [ci(?)2/i(x) + • • • + c„(S)t/„(x)]p(^). 



Using formulpe (35), and assuming x S b — n + 1, we see that we may 
write: 

x-l 

u(x + i) = Z [di(i)yi(x + i) + ■■■ + dni^)yjx + i)]p{^) 

b~n 

+ Z [ci(?)j/i(x + i)+ ■■■ + c„(|)j/„(x + i)]pii) (i = 1, 2, • • ■ n - 1). 
Finally ii x ^b — n 

z-l 

uix + n) = 2 [di(^)yiix + n) -\ + dni^)y„(x + n)]p(f) 

+ £ [ci(?)t/i(x + n) + •■■ + cMy.ix + n)]p(|) + ^fl. . 

From these equations it follows that, since the y's are solutions of 
(28), u{x) satisfies (24). We also find from the values of u{x), u{x + 1), 
• • •m(x -4- n — 1) just obtained 

Ai(u) = T.[ci(^)AiiyO + ■■■ + c„($) A. •(?/„) b(S), 
Biiu) = 2[di(?)5,(2/0 + • • ■ + d„(?)B,(2/„)]p(?). 
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A reference to (36) shows that the sum of these two quantities is zero; 
hence 

Theorem 11. If the system consisting of the first member of (24) and the 
conditions (29) has a Green's function G{x, |), the solution of the semi-homo- 
geneous system (24), (29) is given by (38). 

Here too we may obtain, as a very special case, the formula for expressing 
the solution of (24) which vanishes at the points a, a + 1, •••a + n — 1 
in terms of a fundamental system j/i, ■ • -yn of the reduced equation (28). 
Here all the c's vanish identically by (36), while the d's are then determined 
by (34) in terms of the z's. Hence, from (39), 

U{X) = E [2l(?)2/l(x) + • • • + 2„(?)j/«(x)]f^ 

is the desired solution of (24), — the principal solution at the point a. 

It would now be easy to proceed to parallel the developments of §4 

by introducing the adjoint difference equation.* Enough has, however, 

already been said to indicate how completely the whole theory can be carried 

over from differential to difference equations. 

Hakvabd Universitt, 
Cambridge, Mass. 
June 10, 1911. 



* Cf. forinstance Wallenberg: Sitzungsberichte d. Berl. math. Ges., 7th year (1908), p. 50. 



